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Abstract

We show that four-dimensional conformal field theory is most naturally formulated on Kulkarni
4-folds, i.e. real 4-folds endowed with an integrable quaternionic structure. This leads to a formalism
that parallels very closely that of two-dimensional conformal field theory on Riemann surfaces. In
this framework, the notion of Fueter analyticity, the quaternionic analog of complex analyticity,
plays an essential role. Conformal fields appear as sections of appropriate either harmonic real or
Fueter holomorphic quaternionic line bundles. In the free case, the field equations are statements of
either harmonicity or Fueter holomorphicity of the relevant conformal fields. We obtain compact
quaternionic expressions of such basic objects as the energy-momentum tensor and the gauge
currents for some basic models in terms of Kulkarni geometry. We also find a concise expression
of the conformal anomaly and a quaternionic four-dimensional analog of the Schwarzian derivative
describing the covariance of the quantum energy—momentum tensor. Finally, we analyze the operator
product expansions of free fields. © 1998 Elsevier Science B.V.
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0. Introduction

The success of two-dimensional conformal field theory both in the study of critical
two-dimensional statistical mechanics and perturbative string theory is well known [1-3].
Higher-dimensional conformal field theory is similarly relevant in critical higher-
dimensional statistical physics and may eventually play an important role in membrane
theory [4-6]. Unfortunately, so far it has failed to be as fruitful as its two-dimensional
counterpart in spite of its considerable physical interest.
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The basic reason of this failure is well-known. In two dimensions, the conformal alge-
bra is infinite-dimensional and thus it strongly constraints the underlying field theory. It
is precisely this that renders two-dimensional conformal field theory very predictive and
computationally efficient. In 4 > 2 dimensions, the conformal algebra is instead only
(d + 1)(d + 2)/2 dimensional and has therefore limited structural implications. There are,
however, other features of two-dimensional conformal field theory, which turn out to be of
considerable salience and may generalize to higher dimensions.

In a two-dimensional conformal model on an oriented Riemann surface X, the scale of
the background metric in the action can be absorbed into a multiplicative redefinition of the
dynamical fields by an appropriate power of the scale. The action can then be expressed
entirely in terms of the underlying conformal geometry. The fields become either functions
or sections of certain holomorphic line bundles on . In the free case, the field equations
reduce to the condition of either harmonicity or holomorphicity of the fields. Complex
analyticity is therefore a distinguished feature of these field theoretic models allowing the
utilization of powerful methods of complex analysis such as the Cauchy integral formula
and the Laurent expansion theorem.

In a higher-dimensional conformal model on a manifold X. the scale of the background
metric in the action can be similarly absorbed into a multiplicative redefinition of the fields
by some power of the scale and the action is again expressible entirely in terms of the
underlying conformal geometry, as in the two-dimensional case. One may wonder if there
are higher-dimensional generalizations of two-dimensional complex analyticity of the same
salience. The present paper aims to show that this is in fact so in four dimensions. The form
of analyticity relevant to the four-dimensional case is Fueter’s quaternionic analyticity. This
is stronger than real analyticity, as complex analyticity is, and yet is weak enough to be
fulfilled by a wide class of functions. It also allows for a straightforward generalization of
the main fundamental theorems of complex analysis {7].

By definition, a complex function f(z) of a complex variable z is holomorphic if it
satisfies the well-known Cauchy-Riemann equations d: f = 0. Similarly, a quaternionic
function f(g) of a quaternionic variable ¢ is right (left) Fueter holomorphic if it satisfies
the right (left) Cauchy—Fueter equation fdzr = 0 (35, f = 0) [7], where

fogr = 2@s0 f + Sy fir). ML) = 5@ f + jrde /) (0.1)

for ¢ = x" + x"j, with x', x" real, j., r = 1,2.3, being the standard generators of
the quaternion field H. Here, due to the non-commutative nature of H, one distinguishes
between left and right Fueter analyticity.

We know that Riemann surfaces are the largest class of 2-folds allowing for global notions
of complex analyticity. It is therefore natural to look for the largest class of 4-folds on which
Fueter analyticity can be similarly globally defined.

The closest four-dimensional analog of a Riemann surface is a Kulkarni 4-fold. A
Kulkarni 4-fold X is a real 4-fold admitting an atlas of quaternionic coordinates g trans-
forming as

qo = (aupqp + bap)(capqp + dop) ™! 0.2)
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for some constant matrix

(““f’ b“’f’) € GL(2. H)
Cop  dap

(see [8]). As the two-dimensional projective quaternionic group PGL(2, H) is isomorphic
to the orientation preserving four-dimensional conformal group SOy (5, 1), a Kulkarni 4-
fold is just an oriented real 4-fold with a conformal structure, much in the same way as
a Riemann surface is an oriented 2-fold with a conformal structure. Note the analogy of
the transformations (0.2) with the well-known complex Mobius transformations. In two
dimensions, Mobius coordinates are just one of infinitely many choices of coordinates
compatible with the underlying conformal structure. In four dimensions, the quaternionic
coordinates ¢ are conversely the only possible choice [9].

The Fueter operators (0.1) appear naturally in the geometry of Kulkarni 4-folds. One
can construct a Fueter complex (.QO(X. ¢x). 6), where the ¢, are certain quaternionic line
bundles on X and 8 is a differential built out of d, and 93, and show its equivalence to the
standard de Rham complex (£2*(X), d). Exploiting this property, one can show that the
spaces of closed (anti-)self-dual 2-forms, which are two fundamental invariants of every real
4-fold with an oriented conformal structure, are defined by a condition of right (left) Fueter
holomorphicity. Kulkarni 4-folds can be further equipped with a harmonic real line bundle p
and, in the spin case, with two right/left Fueter holomorphic quaternionic line bundles z *.
The actions of the flat d’ Alembertian O = »19;9, on real sections of p and of the Fueter
operator R = d3r dg (6 = dq 95L) on quaternionic sections of ot (™) are therefore
globally defined. These line bundles and operators are of considerable salience because of
their relation with the conformal d’ Alembertian and the Dirac operator, respectively. All the
above indicates that Fueter analyticity is a natural notion of regularity on Kulkarni 4-folds.

The family of Kulkarni 4-fold is very vast. It contains such basic examples as $* and 7*
and topologically very complicated 4-folds as the oriented four-dimensional Clifford—Klein
forms F\R4, and "\ B} (R*), the oriented four-dimensional Hopf manifolds [‘\(S1 x §%)
and the flat sphere bundles on a Riemann surface B;(R?) x $2. Note that all the above
4-folds, like all oriented Riemann surfaces, are Kleinian manifolds.

A Kulkarni 4-fold X is naturally endowed with a canonical conformal class of locally
conformally flat metrics. These are the natural metrics for X. The Riemann 2-form, the
Ricci 1-form and the Ricci scalar of such metrics and all the objects derived from them
have particularly simple compact expressions in terms of the scale of the metric and the
underlying Kulkarni structure. Exploiting Fueter calculus, one can also derive the general
structure of Einstein locally conformally flat metrics, when they exist. Note once more the
analogy with the geometry of Riemann surfaces. However, while, in the case of Riemann
surfaces, every metric is automatically locally conformally flat and Einstein, the same is no
longer true in the case of Kulkarni 4-folds.

On a Kuikarni 4-fold X equipped with a compatible locally conformally flat metric, the
analogy of the geometry of four- and two-dimensional conformal field theory becomes
manifest. The fields appear as sections of either p or o™ or derived line bundles and the
action can be expressed fully in the language of Kulkarni geometry. For instance, the action
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of the standard contformal complex boson model with s/6 coupling can be cast as

_ 8 _
I, ) = _;/¢)CD¢)~ (0.3)
X

with ¢ a complex section of p. The field equations of ¢ read simply as O¢ = 0 and thus
imply the harmonicity of ¢. Similarly, the action of the standard massless Dirac fermion
model can be cast as

S 2 - - "
1(W+~W_~W+-WA%=;3R6/1W+3RA*dqwf*‘w+&zA*dqwfl

X

= 2R, It wdg Aoy taudgAdy™ 0.4
= —Re (V" «dg Aoy —¢" «dg AdLy | (0.4)
X

with * complex Grassman sections of zr=. x is similar to the Hodge star, but it depends
only on the Kulkarni geometry of X. The field equations of ¥ (¥ ™) read as YR =0
(0L~ = 0) and imply the right (left) Fueter holomorphicity of ¥+ (3 7). The energy—
momentum tensor and the gauge currents have similarly simple expressions and geometri-
cally clear properties in this formalism.

In the quantum case, the operator product expansions of the quantum fields may be
formulated and analyzed exploiting harmonicity and Fueter holomorphicity, in a way very
close in spirit to the analogous approach of two-dimensional conformal field theory. One
can further define a quaternionic conformally invariant quantum energy—momentum tensor
Te.. The Ward identity obeyed by this can be expressed in terms of the underlying Kulkarni
geometry in the form

d»T. =0 (0.5)
up to contact terms. Under a coordinate change of the form (0.2), T, transforms as
Tea = §3uﬂ(Teﬂ + Qaﬂ)~ (0.6)

Here, p4p depends only on the underlying conformal geometry. So, the matching relation
(0.6) is completely analogous to that of the conformally invariant energy—momentum tensor
in two-dimensional conformal field theory and gqg is a four-dimensional generalization of
the Schwarzian derivative.

The present paper is an attempt at generalizing some of the powertul techniques of
two-dimensional conformal field theory to higher-dimensional field theory in a geomet-
ric perspective. It is similar in spirit to but quite different in approach from the work of
Refs. [10,11].

In Sections 1-3, we provide a detailed account of the quaternionic geometry of Kulkarni
4-folds in a way that parallels as much as possible the standard treatment of the geometry
of Riemann surfaces. In Sections 4 and 5, we analyze the geometric properties of a four-
dimensional conformal field theory on a Kulkarni 4-fold, respectively, in the classical and
quantum case. In Section 6, we provide a brief outlook of future developments.
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1. Quaternionic linear algebra and group theory

In this paper, we argue that the geometry underlying four-dimensional conformal field
theory is quaternionic. In this section, we review briefly basic facts of quaternionic linear
algebra and group theory.

The quaternion field H is the non-commutative field generated over R by the symbols 1
and j,, r = 1, 2. 3, subject to the relation '

Jrds = =85 + €rgt i (1.hH
Hence, a generic quaternion a € H can be written as

0 ro. 0 _r 2

a=a +aj., a.a €R. (1.2)

Quaternionic conjugation is defined by

0

a=a" —a'j. (1.3)

The real and imaginary parts of a quaternion ¢ € H are defined, in analogy to the complex
case, as

Rea=)a+a)=a’, Ima=Lla-ay=dj. (1.4)
The absolute value of a quaternion a € H is given by

la| = (@a)'? = a%" +a"a’". (1.5)

The space H" can be given the structure of right H linear space in natural fashion. Further,
it can be equipped with the right sesquilinear scalar product defined by

n

(u,v):Zﬁkvk, u, veH. (1.6)
k=1

The n-dimensional quaternionic general linear group GL(r, H) is the group of invertible
n x n matrices with entries in H. Any T € GL(n, H) defines by left matrix action a right
H linear operator on H". The n-dimensional symplectic group Sp(n) is the subgroup of
GL(n, H) formed by those operators leaving the scalar product (1.6) invariant.

HP", the n-dimensional quaternionic projective space, is the quotient of H**! — {0} by
the right multiplicative action of the group H of non-zero quaternions.

The group PGL(n + 1, H) is defined as

PGL(n + 1,H) = GL(n + 1, H)/R., (1.7)

where R, is embedded in GL(n + 1, H) as the subgroup R, 1,,4+. PGL(n + 1, H) acts on
HP” by linear fractional transformations.

! In this paper, we adopt the following conventions. The early Latin indices a through d and middle Latin
indices / through m take the values 0. 1, 2, 3. The middle Latin indices e through g and the late Latin indices
r through v take the values 1, 2, 3. Sum over repeated indices is understood unless they appear on both sides
of the same identity.



(N R. Zucchini/ Journal of Geometry and Physics 27 (1998) 113153

The case n = 1 will be ot special relevance in what follows. GL(1, H) is simply the
group of non-zero quaternions, i.e. GL(1. H) = H,. Sp(1) is the group of quaternions of
unit absolute value, so Sp(1) = SU(2).

Eg. (1.2) defines an isomorphism R* = H'. Under such an identification. one has [12]

Spin(4) = Sp(1) x Sp(1), (1.8)

SO(4) = (Sp(l) x Sp(1))/Z>. (1.9
where 7, is embedded in Sp(1) x Sp(1) as {£(1;. 1})}.

Similarly, $* = HP!. The group of orientation preserving conformal transformations

of §* is the connected component of the identity of SO(S5, 1), SOq(5, 1). The following
fundamental isomorphism holds [8,9]:

SOp(5, 1) = PGL(2. H). (1.10)
Explicitly, the action of PGL(2, H) on HP! is given by

T(a)=(Tha+Ti)(Taa+Tn)~' (a € HPY)
=(=aly,' + T,;) NaTy' = T3H (1.11)
for T € PGL(2, H). The above isomorphism fails to hold in 4n dimensions with n > 1,

since in fact SOg(4n + 1, 1) Z PGL(n + 1. H). This is why the four-dimensional case is
so special.

2. The Kulkarni 4-folds

In this paper, we argue that four-dimensional conformal field theory is formulated most
naturally on a class of 4-folds admitting an integrable quaternionic structure, the Kulkarni
4-folds. In the first part of this section, we discuss the local and global quaternionic geometry
of such 4-folds. We define the Fueter complex and show its equivalence to the de Rham
complex. In the second part, we introduce the natural differential operators of a Kulkarni
4-fold, the d’ Alembertian and the Fueter operators, and show their global definition. In the
third and final part, we illustrate several basic examples.

2.1. Local quaternionic differential geometry of real 4-folds

Let X be areal 4-fold. Let x be a local coordinate of X of domain U. The four components
x',i =0,1,2,3,0f x can be assembled into a quaternionic coordinate g of the same domain
given by

g =x"+x"j. @2.1)

The coordinate vector fields dx;, i = 0, 1, 2, 3, can be similarly organized into a quater-
nionic vector field 9, given by

9y = £ (Br0 — dxrjr)- 2.2)
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Also, 95 = _Eg. d4 is a quaternionic differential operator, called Fueter operator, acting on the
space of smooth H-valued functions f on U. Since the quaternion field is non-commutative.
one must distinguish a left and a right action of d,: fo,r = (1/4)(8x0f — 0x, fj-) and
gL f = (/D) (@x0f — JrOxr f). If f 1s R-valued. then fo,r = d,Lf = 0, f. f is right
(left) Fueter holomorphic if fdr = 0 (3 f = 0).

The linearly independent wedge products dx'' A --- A dx’» with0 < i) <-.. < i, <3
and 1 < p < 4 can similarly be assembled into a distinguished set of alternate wedge
products of the differentials dg and dg:

dg = dx¥ + dx” j,. (2.3)
—1dg A dg = (dx" A dx' + ey dx” A dxt) i )
+1dg A dg = (@x® A dx' = Le dx” A dxt)j. -
%dq Adg A dg=dx' A dx?adyd— %em dx? A dx" A dx'j, (2.5
~—ardg A dg A dg A dg

=+5:d7 A dg A d7 A dg = dx® A dx' A dx? A ded (2.6)

All the other combinations of dg and dg of the same type can be obtained from these by
conjugation. Denoting by » the Hodge star operator with respect to the flat metric & =
dx’ ® dx’ on U, one has

~1dg A dg = (=} dg A dg). Ldg n dg = -+ (1 dg A dg), (2.7)
tdg A dg A dg = +dg. (2.8)
—31dg A dG A dg A dG = +55dg A dg A dG A dg = 1. (2.9)

For any p-form w = (1/pw;, ...;, dxt Ao A dx'r on U with | < p < 4, one defines
the quaternionic components of w by:

Wy = w(dy) = jlwo — wrjr). p=1. (2.10)
wiq = w(04.9y) = — g (@0, + Serg@s)jr.  p =2, o
wyg = w(3y, 07) = +$(wor - %emw.u)jr. h

Wyqq = w (8. 0. 9) = “%(wm + %Er.\'lw()sljr)' p =73 (2.12)
Wiqqq = @ (g, 83, 05, 04) = —Fwoi23.  p=4. 1%

‘ 3
WyGqq = w(0y. 0z, 9. 07) = +3300123.

The remaining components are w; = w(9;), p = 1, and W54 = (87, 04.dz), p =3, and
are obtained by conjugation: w; = @, and w;,; = —@,5,. One can express w in terms of
1ts components as follows:

w=4Re(w, dq), p=1. (2.14)
w = —2Re(wz, dg A dg) — 2Re(wygdg A dg). p =2, (2.15)
w = —4Re(wy5,dq A dG A dg). p=3. (2.16)

w= %‘Ufif/f?q dg A dg A dg A dg = %qu]qa dg A dg A dg A dg, p=4. (2.17)
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Note that, when p = 2, @ is -self-dual (x-anti-self-dual) if and only if w,g = 0 (wgy = 0).
From (2.10)—(2.13), for any p-form w on U/ with 0 < p < 3, one has

(dw)y = wiR = I 0. p =0, (2.18)
(da))gq = (:icﬂéwq — wr}f’q'L p =1 019)
(dw)yg = IgLwg — wydgR.

(da))qc]q = %811wa?fl + %a)qgaqR. p=2, (2.20)
(dw)gqgq = 200510454 — WGqgqR). P = 3. oo

(dw)ygqq = 20941054 — ©@yqqIR)-
These identities show the relation between the de Rham differential d and the Fueter operator
0

(7

2.2. Kulkarni 4-folds

The Kulkarni 4n-folds are the real 4n-folds uniformized by (HP”, PGL(r + 1, H)) [8].
This condition turns out to be very restrictive. We are interested in the case where n = 1.

A Kulkarni 4-fold X is a real 4-fold 2 with an atlas {(Uy, ¢o )} of quaternionic coordinates
such that, for Uy, N Ug # ¥, there is T € PGL(2, H) such that

do = Tup(gp). (2.22)

where the right-hand side is given by (1.11).
2.3. Global quaternionic differential geometry of Kulkarni 4-folds

Let X be a Kulkarni 4-fold. The local quaternionic tensorial structures defined on each
patch Uy of X, as described above, have very simple covariance properties under the coor-
dinate transformations (2.22), as we shall illustrate next.

For U, N Ug # ¥, we define the matching functions

Nag = —daTup2i + Tupil. Nap = Tap214p + Tap22. (2.23)

The ’7;@ are nowhere vanishing on U, N Uy since, as will be shown in a moment, the
invertible matching operators of the basic quaternionic tensorial structures are polynomial
in such objects.

The matching relation of the vector fields 3, of Eq. (2.2} is

Ogoe = Ny Ogp (M)~ (2.24)

Proof. By differentiating (2.22) using (1.11), one gets (2.25) below, from which one reads
off the identity 8Xﬁix2 + 0xgi Xy Js = U;Lﬂ (80; + 8,,-j,)(n;ﬂ)‘1. Using this relation and (2.2),
it is straightforward to derive (2.24). O

2 In this paper, we shall assume, unless otherwise stated, that a manifold has no boundary.
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The matching relations of the wedge products (2.3)—(2.6) are

dgu = 155 dgp(ng) . (2.25)
dgu A dda = Inds 1 Inggl 7 nty dap A dGs(nfy) ™" 026)
o A dge = IngyPIngsl *n0p ddp A dap(ng) ™", '

dga A dGo A dga = |ngy P 1ngsl 0l dag A dgs A dggingg) ', (2.27)
dga A Ao A dga A dGo = Ity Ingsl " dgp A dgs A dgp A dp. .

dda A dga A dge A dgo = Ity gyl ™ dGs A dgs A dggs A dap.
The Hodge star operators *,, associated with the flat metrics 4, defined above (2.7) match as

*y = (]n:ﬂnn;ﬂr')*z”’*z) *g on p -forms. (2.29)
Proof. Relation (2.25) follows immediately from differentiating (2.22) using (1.11). Rela-
tions (2.26)—(2.28) are trivial consequences of (2.25). Relation (2.29) follows from com-

paring (2.26)—(2.28) with (2.7)-(2.9). o

The collection T = {T,g] associated with the coordinate changes (2.22) defines a flat
PGL(2, H) I1-cocycle on X . In general, this cocycle cannot be lifted to GL (2, H) by choosing
suitable GL(2, H) representatives of the T,z € PGL(2. H). One has instead a relation of
the form

Tuy = Wapy TupTgy, wapy = £1, (2.30)

whenever U, N Ug NU, # @, where w = {wygp, } is a flat Z; 2-cocycle on X.

Proof. Since T is a flat PGL(2. H) 1-cocycle on X and the center of PGL(2, H) is Ry 15,
(2.30) holds with w a flat R, 2-cocycle on X, by a standard theorem of obstruction the-
ory. From here, using (2.23), one can show that relation (2.31) below holds. Now, set
bap = ln;ﬁ n;ﬂll/z. Now, using the relation T,4Tg, = l;, implied by (2.30), one can
show that either Tygo1 # 0 and Tga21 # O or Tygor = 0 and Tge21 = O and, using
(2.23), one can further verify that ¢us = (|Tup21!|Tga21/"")!/? in the former case and
Dup = (|Taﬂ11]|Tﬁazz|_l )!/2 in the latter case. ®ap 1s thus a positive constant and, from its
definition, it is clear that ¢y, = |wapy |Pepdp, Whenever defined. Hence, |w| = {|wqp, |}
is a trivial flat Ry 2-cocycle on X. So, choices can be made so that w is a Z, 2-cocycle
on X. O

From (2.23) and (2.30), it follows that

Nay = Wapy Mgy (2.31)

when U, NUgNU, # @.So, wis the obstruction preventing the smooth GL(1, H) 1-cochain
nt = {nfﬁ} on X from being a 1-cocycle.

Note that [nt| = {|nfﬁ|} is in any case a smooth R, I-cocycle.
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The flat GL(2. H) 1-cochain T is defined up to a redefinition of the form Top — capTop.
where ¢ = {cyg} is a flat R, 1-cocycle. Correspondingly, the smooth GL(1. H) I-cochain
n* gets redefined as r;iH — Cap r]fﬂ, Now, the flat R« 1-cocycle ¢ can be viewed canonically
as a pair (1, a), where n and ¢ are, respectively. a flat Ry [-cocycle and a flat 7» 1-cocycle.
The geometric structures, which we shall construct below, are independent from n but do
depend on «a in general.

Define
o =n. @ng. (2.32)
=1t ® I 1P ® 0 ® ng lime. (2.33)
G=hTen e ®ny. (2.34)
=Tt el (2.35)

where for u, v € Hyx = GL(1,H), u, ® vr is the R linear operator on H defined by
(1. ® vr)a = uav—! for a € H. Then, ¢y and ¢3 are smooth (GL(1, H) x GL(1,H))/R«
I-cocycles, where R is embedded into GL(1, H) x GL(1, H) as R« (1}, 11); C2i is a smooth
PGL(1, H) 1-cocycle; ¢4 is a smooth R, [-cocycle.

Proof. This follows readily from the definitions and from (2.31). O

Letw € £27(X) be a p-form. 3 Using (2.10)—(2.13), we can associate with  the collec-
tion of its local components on the coordinate patches U,. If w € §2 H(x), wy = {wya} €
2% X, ;) and the map w — w, is an R-linear isomorphism of £2Y(X) onto 2%Xx, ).
On account of (2.29), the spaces 22 (X)) of *-(anti-)self-dual 2-forms on X are covariantly
defined. If € 221(X), wiq = {Wgqet € 29X, ;;) and the map @ — wyg, is an R-linear
isomorphism of 2+ (X) onto 2°(X, ¢;") and, similarly, if 0 € 227 (X), wy = {wygu} €
20X, ¢, ) and the map @ — wy; is an R-linear isomorphism of 227 (X) onto 2°(X. ¢ )
Ifw e .Q3(X), Wy5q = {Wggqa) € .QO(X. ¢3) and the map w — @y, is an R-linear isomor-
phism of Q23(X) onto .QO(X. £3). Finally, if w € (24(X), WigGq = Wggdqal € 20X, {1)
and wyg4q5 = {04950t € .QO(X. ¢4) and the maps @ — wg454 and @ — w445 are both
R-linear isomorphisms of Q4(X) onto 2°(X, z4).

Proof. This follows easily from the definition of the quaternionic components of the form w,
given in (2.10)—(2.13), and from (2.24) upon taking (2.32)—(2.35) into account. For p = 1,
one has wyqy = w(9ya) = w(n;ﬂaqﬂ(n:ﬂ)‘l) = n;ﬁw(aqﬂ)(n;“ﬂ)‘l = {1apwys- The proof
for the other p values is analogous. U

By the above isomorphisms, the standard de Rham complex
3 Let V be a F vector space. When £ is a smooth GL(V) I-cocycle on the non-empty open subset O of X.

we denote by 27(0, £) the [ vector space of p-form sections of £ on Q. In particular, 27 (0) is the space
of real p-forms on O.
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dt 7 (x) d
0 d i 4 ™ 3 d 4
29(X) = 2'(x) 23(X) — 2%X) (2.36)

N /!
d™ 2°7(X) d

is equivalent to the Fueter complex

st 2%x.5h 8
0 8 H0 4 ~ 0 8 0 :
$2°(X) — £2°(X, ¢ 2°(X. 03 — 2°(X. )., (237)

N /
5T R(X.5) 8

where the Fueter operators § are defined by the right-hand sides of (2.18)~(2.21), with
81 and 6~ corresponding, respectively, (o the first and second expression (2.19). The two
definitions of the last § differ only by their sign.

From here, one sees that a 2-form w € 2°1(X) (v € £227(X)) is closed if and only if
wi49gr = 0 (05Lw4g = 0), i.e. if and only if wg, (wyg) is right (left) Fueter holomorphic.

Proof. Let v € .(22+(X). Then, wy; = 0. So, if further dw = 0, one has wg,dzr =
—OyLwgg = —%(da))qqq = 0, by (2.11) and (2.20). The corresponding statement for a
closed w € £227(X) can be proven in analogous manner. O

The spaces of closed (anti-)self-dual 2-forms are important invariants of any real 4-fold
endowed with a conformal structure. The above proposition shows that, on a Kulkarni 4-
fold, such spaces are defined by a condition of Fueter holomorphicity. We believe that this
result highlights quite clearly the relevance of Fueter analyticity to the geometry of Kulkarni
4-folds.

2.4. The I-cocycle p and the d’Alembert operaror 0%

Let X be a Kulkarni 4-fold. We set
p=IntI""®n . (2.38)
Then p is a smooth R 1-cocycle.

Proof. This follows immediately from the definition and from (2.31). 0O

Let F € 2°(X, p). Set
OF =030, F = 1 (2.39)
on each coordinate patch. Then OF = {(OF),} € .(24(X. p"').

#1n the mathematical literature, this operator is usually called Laplacian and is denoted by A. In the spirit
of field theory, we rather think of it as the euclidean version of the d’ Alembert operator O,
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Proof. Let (U. g) be a quaternionic chart of X and let /' € 2"(U/). Then
gy f x| = fedxdf. (2.40)

This relation can be easily checked by evaluating the right-hand side in terms of the compo-
nents of the real coordinate x contained in ¢ (cf. Eq. (2.1)). Using (2.29), (2.40) and (2.38)
and the matching relation F, = pug Fp. one finds

Vg g For a1 = =004 (Dot ) Fp % | + Py Oapidys Fp xp 1. (2.41)

Now, using the relation T,5 Ty, = 17 implied by (2.30), one can show that either 7,821 # 0
and Tgq21 # 0 or Tupo1 = 0 and Tgeo1 = O and. using further (2.23), one can verify that
Pup = |TupilI Tpa21llgps + Ta‘ﬁIQ,Tuﬁzzlz in the former case and pgg = |Tup22!|Tpe1 | in
the latter case. Using these expressions, one finds that

agﬂaqﬂ(p;ﬂ‘) =0 (2.42)

by direct computation. The statement follows now readily from (2.41) and (2.42). O

Note that, interms of the real coordinate x contained ing, OF = % (0x00x0+0xrOxy ) Fx1,
So. O is essentially the euclidean d’ Alembertian operator. Relation (2.42) shows then that
the 1-cocycle p is harmonic. This allows for a global definition of harmonicity on a Kulkarni
4-fold X. Anelement F € 2°(X. p)is said harmonic if OF = 0. In such a case, F is given
locally by the real part of some Fueter holomorphic function K [7].

2.5. The I-cocvcles = and the operators IRL

Let X be a Kulkarni 4-fold such that w = 1. We set
st =" en I e o =t e e (2.43)

where for u € H, = GL(1, H), ug (L) is the the left (right) H linear operator on H defined
by ura = au”! (ua = ua) fora € H. Then, wr® is a smooth GL(1, H) 1-cocycle on X

Proof. This follows readily from (2.31), taking into account that w = 1 in this case, by
assumption. t

Note that w= depends on the choice of a Z5 1-cocycle a, as discussed above (2.32). We
assume that a choice is made once and for all.
For® € 2°X. w)yand ¥ € 20(X. @), we set
QR = ®Yrdg. W¥ = dGo; W (2.44)
on each coordinate patch. Then ®dg = {(¢5R)a} e 2YX, 1) and E_JLII/ = {(LW),) €
24X, o).

Proof. We show only that ®dg € 2! (X, ™), since the proof of the corresponding state-
ment for ¥ is totally analogous. For the rest of the proof, introducing a slightly inconsistent
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notation, we denote by @ * the matching functions defined by (2.43) with the indices R. L
suppressed. Let (U, ¢) be a quaternionic chart of X andlet f € 2°U) @ H. Then one has

fogr*1=df Axdg. (2.45)

Eq. (2.45) can be easily be checked by expressing both sides in terms of the components of
the real coordinate x contained in g. Using (2.45) and the matching relation @, = @4 w;( .
one has

Dy dgaR *a | = 7dPg A w;a *o dqo + qbﬂw;aagaR * L. (2.46)

From (2.43) and (2.23), one computes

2= 20t 2ty 1)) dgar
s s s

ZD';X f)qaR = |7][jﬂ|‘5/2|7}§a |—
— 35| (05 1) 5ar] + 15 05ar)

5/2|n_a 1372
B

= —3lngsl” (M)~ [ Tpa2110g + 15 Tapr ). (2.47)

Using the relation TygTg = 12, following from (2.30), and (2.23), one finds that

Tga21 77;5 + 1y Tap21 = 0. (2.48)
Combining (2.47) and (2.48), one concludes that

ZU;;X f)qaR =0. (2.49)
From (2.8). (2.27) and (2.43), one verifies further that

1T *a d4a = § *p dgpwg,. (2.50)

By (2.46), (2.49) and (2.50), one has, using (2.45),
Dy 05uR *a | = }ldtbﬂ A *g dq/gZD'Aa = (15/33(};3](@'; *y 1. (2.51)

From this relation, using (2.43), (2.25) and (2.29) with p = 0, it is a simple matter to check
that (45{_)];)“ = (¢5R)ﬂ w;a, showing the statement. O

Eq. (2.49) and its left analog show that the l-cocycle @™ (@ ™) is right (left) Fueter
holomorphic. This allows for a global definition of Fueter holomorphicity on a Kulkarni 4-
fold X. Anelement @ € QU(X, wt) (¥ € %X, w ")) is right (left) Fueter holomorphic
if ®og =0 (FL¥ = 0).

2.6. Topological properties of Kulkarni 4-folds

On account of the isomorphism (1.10), (2.22) entails that a Kulkarni 4-fold is just a real
4-fold with an integrable oriented conformal structure.

A Kulkarni 4-fold structure entails a reduction of the structure group of X from GL (4, R)
to (GL(1, H) x GL(i, H))/R,.
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Proof. Indeed, from (2.24), it appears that the smooth I1-cocycle 1mplement1ng the matching
relations in T X is the (GL(1. H) x GL(1. H))/R« I-cocycle n® r)R 3

The resulting (GL(1, H) x GL(1, H)}/R structure on X, being yielded by coordinates.
is integrable.

Since (GL(1, H) x GL(1, H})/R« is a connected group, X is oriented. Hence, the first
Stieffel-Whitney class of X vanishes:

wi(X) =1 (2.52)

The flat 7, 2-cocycle w appearing in (2.30) defines a cohomology class w € H?(X, Z3).
It can be seen that w is precisely the second Stieffel-Whitney class of X:

wr(X) = w. (2.53)

Proof. |nT|®|n~ |~! is a smooth R4 1-cocycle, hence, itis trivial. So, the smooth (GL(1, H)
xGL(1, H))/R, l-cocycle n, ® r]; is equivalent to the smooth (Sp(1) x Sp(1))/Z> 1-
cocycle 0] ® 0F , where Z, is embedded in Sp(1) x Sp(1) as {£(1;, 1)) and 6 =
Int]~! ® »* is an Sp(1) 1-cochain. This yields a reduction of the structure group of X
from (GL(1, H) x GL(1, H))/Rx to (Sp(1) x Sp(1))/Z>. Now 6% satisfies relation (2.31)
with n* substituted by 6% . From the isomorphisms (1.8) and (1.9), it follows then that
the Z, 2-cocycle w is precisely the obstruction to lifting the structure group of X from
SO(4) to Spin(4). This identifies w as a representative of the second Stieffel-Whitney class
of X. 0

So, the spin Kulkarni 4-folds are precisely those for which w = 1. In such a case, the spin
structures correspond precisely to the choices of the Z; 1-cocycle a on X discussed above
(2.32). Indeed, as is well-known, such choices describe the cohomology group H'!(X, Z>).

As X is endowed with an integrable oriented conformal structure, the first Pontryagin
class of X is zero:

p1(X) = 0. (2.54)

Proof. The integrability of the conformal structure implies the existence of locally con-
formally flat metrics, whose Weyl 2-form vanishes [9]. The Pontryagin density, which is
quadratic in the components of the Weyl 2-form, consequently vanishes too. O

Let X be compact. As p;(X) = 0, the signature of X vanishes as well, 0 (X) = 0. This
entails that the Euler characteristic of X is even:

x(X) € 2Z. (2.55)

If X is compact, then (2.54) and (2.55) imply that X bounds an oriented 5-fold by the
Thom Pontryagin theorem [8].

All the 1-cocycles defined in the previous sections yield smooth vector bundles on X
in the usual manner. In particular, ¢; and ¢3 are smooth (GL(1, H) x GL(1, H))/Rx line
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bundles, the {zi are smooth PGL(1, H) line bundles, {4 and p are smooth R, line bundles
and the w* are GL(1, H) line bundles.

The operator O is elliptic. Therefore, when X is compact, the subspace of the harmonic
F € 29(X. p) is finite-dimensional. The operators dg | are also elliptic. Hence, if X is com-
pact, the subspace of right (left) Fueter holomorphic @ € .QO(X, oYW e %X, m))
is similarly finite-dimensional. In the next section, we shall show that 0 and the g ( are
related, respectively, to the conformal d’ Alembertian and to a certain Dirac operator. This
will allow us to derive vanishing theorems.

2.7. Kulkarni automorphisms

An orientation preserving diffeomorphism f of X is a Kulkarni automorphism of X if
oo f oqﬂ'l , whenever defined, is a restriction of some element of PGL(2, H). The Kulkarni
automorphisms of X form a group under composition, Aut(X).

2.8. Examples of Kulkarni 4-folds

The basic example of Kulkarni 4-fold is HP'. As a 4-fold HP' = $*. Indeed, HP!
can be covered by two quaternionic charts (g4, Uy), @ = 1, 2, where U, = {(py, p2) €
H? —{(0,0)}| po # O}/H, and g1 = pap; ' andgs = —pip; ' Onehas ¢» = —(g1)~" on
the overlap U; N Uy. Under the isomorphism H' = R?, this matching relation is equivalent
to that of the customary stereographic projection of $¢. Clearly, Aut(HP') = PGL(2, H).
Also, w(HP!) = 1.

Let D be a simply connected non-empty open subset of HP!. Then D is a Kulkarni
4-fold with the Kulkarni structure induced by that of HP!. When D is a proper subset
of HP!, then D can be covered by a single quaternionic chart (¢, U) with U = D. The
automorphism group Aut(D) of D is the subgroup of PGL(2, H) mapping D onto itself.
Clearly, w(D) = 1.

A Kleinian group I" for D is a subgroup of Aut(D) acting freely and properly discon-
tinuously on D [9,13]. The Kleinian manifold "\ D is then a Kulkarni 4-fold, as it is a real
4-fold uniformized by (HP', PGL(2, H)). Aut(I"\ D) can be identified with the normalizer
of I" in Aut(D). w(I"\D) = 1 if and only if I" can be lifted to a subgroup of GL(2. H).

We consider next several standard exampies.

(i) D =HP' Aut(HP!) = PGL(2, M), as shown earlier. By a simple argument based on
Lefschetz’s fixed point theorem, it is easy to see that there is no non-trivial Kleinian
group I” for HP!, since every T € PGL(2, H) has at least a fixed point in HP!. Thus,
there are no Kulkarni 4-folds covered by HP'! except for HP! ijtself.

(i) D =MH". It appears that H' = R?, as a 4-fold. Aut(H') is the subgroup of PGL(2, H)
formed by those T such that 75| = 0. There are plenty of Kleinian groups I" for H!.
Among these, the orientation preserving four-dimensional Bieberbach groups, which
have been classified [13]. In this way, the Kulkarni 4-folds I"\H' covered by H! include
the 4-torus T* and the oriented 4-folds finitely covered by it.
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(iti) D = B;(H"). As ad-fold, By(H") = B;(R*), the unit ball in R*. Aut(B;(H')) is the
subgroup of PGL(2, H) formed by those T such that | T11|* — |15, |* = |Tn|* —|T)>|* =
k forsome k € R, and 71 Ti2—Ta T2 = 0. There are plenty of Kleinian groups I for
B (H! ). The Kulkarni 4-folds "\ B; (H") covered by Bi(H 'y are the four-dimensional
analog of higher genus Riemann surfaces.

(iv) D =H'—{0}. Asad-fold, H' — {0} = R* —(0}. Aut(H' — {0}) contains as a subgroup
of index 2 the subgroup of PGL(2. H) formed by those T such that Ty, = 7> = 0.
There are plenty of Kleinian groups I for H! — {0}. Among the Kulkarni 4-folds
T\(H' = {0}) covered by H' — {0}, there are the oriented four-dimensional Hopf
manifolds, that is §3 x §' and the oriented compact 4-folds finitely covered by it.

(v) D=H!-R'" Asad-fold, H' — R' = R* — R!. There are many Kleinian groups I"
for H' — R!'. The Kulkarni 4-folds "\ (H' — R!) covered by H! — R include the flat
§? fiber bundle on a compact Riemann surface, as B* — R' = B, (R?) x S2.

3. The geometry of Kulkarni 4-folds from a Riemannian point of view

Four-dimensional conformal field theory is most naturally formulated in a locally con-
formally flat metric background. One expects calculations to simplify considerably if this
background has special properties, such as having a large group of isometries or being
Einstein. A Kulkarni 4-fold is equipped with a canonical conformal equivalence class of
locally conformally flat metrics. These are studied in the first part of this section using
the quaternionic geometric framework introduced above. We also derive conditions for the
existence of an Einstein representative in the class and its general form, when it exists.
In the second part of the section, we show that the operators O and the dg | are related,
respectively, to the conformal d’ Alembertian and to a certain Dirac operator. This will allow
us to derive vanishing theorems a la Bochner for their kernels. Examples are provided in
the third and final part of the section.

3.1. Local quaternionic Riemannian geometry of a real 4-fold
Let X be a real 4-fold. Let x be a local coordinate of X of domain UU. On U, one can

define the conformally flat vierbein

eq = V8 Byi. (3.1)
Its dual vierbein is

e) = e84 dx’. (3.2)
The associated metric is

g=¢ Qe =e*dx' @ dx'. (3.3)

The components of the vierbein ey, @ = 0, 1, 2, 3, can be assembled into the quaternionic
einbein
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e = L(eo — e js). 34

By (2.2) and (3.1), e is given by
e=cY3,. (3.5

Similarly, the components of the dual vierbein e, . a = 0, 1. 2, 3, can be assembled into the
quaternionic dual einbein

e¥ = e(\)/ + e}j,« 3.6)
From (2.3) and (3.2), one has

eV =e’dg. (3.7)
The metric g is then given by

¢ =Re@’ ®¢") =e?Re(dg ® dg). (3.8)
The Hodge star operator * of g is related to % as

x = 2P=D¢ . on p -forms. (3.9)

Many formulae of Riemannian geometry take a particularly compact form when ex-
pressed in terms of e and ¢" . Below, we shall adopt the Cartan formulation of Riemannian
geometry.

The components of the spin connection wgp 1-form can be organized into the two quater-
nionic I-forms

wt = — 500+ wor Jf +0c0je + wepfedp) = 3(@0g + 3Eeeef) g ,

W = +3(@0 + wof jf + @e0Je + ef Jeif) = %(wog — Leorewer) g 310
Explicitly, the w¥ are given by the formulae

wh = -2Im(e”e(p)), o~ = —2Im(e(p)e”). (3.11)

The components of the Riemann 2-form R, can be assembled into the two quaternionic
2-forms

RY = —ﬁ(Roo + Rorjr + Reoje + Repjedf) = %(ROg + %Eengef)jge

R = +4(Ro0+ Rogy + Reofe + Reg i) = Hog = SeegaRop.
By explicit computation, one finds

RT = 21m(ev A (de(@) + 2|e(¢)|25\/)).

R™ = —2Im((de(p) +2le(p)I’e") ne). (3.13)

The components of the Ricci 1-form S, can be organized into the quaternionic 1-form

S = So+ Seje. (3.14)
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This is explicitly given by

S = —8ldé(p) + 2(2(e(p)) + le(@) e |- (3.15)
Finally, the Ricci scalar s is given by

s = —96[2(e(9)) + 2le(9)|’]. (3.16)

Proof. We give only a sketch. For a conformally flat metric, one has
wab = ep(@le; — ealp)ey - (3.17)

From this relation, using the standard definitions of the Riemann 2-form R, = dwg, +
Wae N Wep, the Ricel 1-form S, = t(ep) Ry, and the Ricci scalar s = t(e;)S,, it is easy to
see that

Rup = e}j ANQg— ez\z/ A Qp, (3.18)

Se = =204 — Qe(\l/ (3.19)

s =—60, (3.20)
where

Q. = deq(9) + Fec(@lec(p)ey . (3.21)

Q = ec(ec(p)) + 2ec(p)ec(g). (3.22)
Using these formulae, one obtains straightforwardly the above relations. O

From (3.11), one can derive the identity

+

de¥ —owt re¥ +e' Ao =0, (3.23)

which is equivalent to the well-known relation de(f + wap A e,\; = 0. From (3.11) and (3.13),
one can verify that

Rt=dot —w T rw’. R =do +0 Ao . (3.24)

relations which are equivalent to the definition of the Riemann 2-form R,p = dwap +wac A
wep. Other basic relations could be obtained in a similar manner.

Expressions of the Pontryagin density y = (1/ 872)Wap A Wyp, where W,y is the Weyl
2-form, and of the Euler density € = (1/ 327 e ped Rap A Req can similarly be obtained.
For a locally conformally flat metric such as g, one obviously has

y =0. (3.25)

€ is explicitly given by

2 2
e=(;){nwww»+aawﬁﬁ*l

— Re[(dé(p) — e(e(p))e’) A x(de(p) — é(e()e )]} (3.26)
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Proof. Ttisknownthate = (1/16w2){Wap AxWap+ 1552 %1 = (Sa— g5y ) A%(Sa—gse))).
In the present case, W,;, = 0, as the metric is locally conformally flat. Using (3.19) and
(3.20) and (3.21) and (3.22), it is straightforward to derive the above formula. O

3.2. Global quaternionic Riemannian geometry of a Kulkarni 4-fold

The quaternionic tensors constructed in the previous section have very simple covariance
properties on a Kulkarni 4-fold X .
The matching is implemented by the Sp(1) transition functions

O = Mg/ Mgy, (3.27)

with nfﬂ given by (2.23). In general, these do not form a smooth Sp(1) 1-cocycle, unless
w = 1, as, by (2.31),

Oay = waﬁy%%- (3.28)

when Uy N Ug NU, # 0. However, GLi ® 67 and GLi ® Hfzt are, respectively, a (Sp(1) x
Sp(1))/Z; 1-cocycle and a Sp(1)/Z, 1-cocycle.
We assume that the local scales ¢, match as

@Yo =g —In In:ﬂ +1In I’];ﬂls (3.29)

whenever U, N Ug # . This is designed in such a way to render g = {g,] a globally
defined metric (see (3.32) below).
The matching relations for the einbein e = {e,} and ¢ = {e,, } are

Cq = el;ﬁe,g(%)“' (3.30)
and

ey = 03gepOs) " (3.31)
with U, N Up # @.

Proof. These relations follow readily from combining (2.24), (2.25) and (3.29) with (3.5)
and (3.7). 0

The matching relations of the metric g = {g,} are by construction

S0 = 8p- (3.32)

on U, NUg # U. As a consequence, the Hodge star operators *, associated with the g,
match as

T (3.33)
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For U, MUy # ¥, the matching relations for the spin connection 1-forms ™ = {w*}

arc

Wy = Oy (03) " + do;

p s Oag) (3.34)

The matching relations for the Riemann 2-forms R = {R;t], the Ricci 1-form § = {S,}
and the Ricci scalar s = {s,} are

R = Q;R;E(e;,)*". (3.35)
Sa = Oy SpB) ™" (3.36)
Su = S5 (3.37)

So, R* € Q%(X, 6 ®07). S € 21(X. 8 ® 6z) and s € 2°(X).
Proof. The matching relation of the dual vierbein e = {e,,} is of the form

e(\x/a = "aﬁnbe;a/}p (3.38)

where ryg is some smooth SO(4)-valued function on U, N Ug. Combining (3.6) and (3.38)
and comparing with (3.31), one finds

Fagoa + raﬂeaje = ;};((SO(: + 8(}(1](})(9&;)_1- (3.39)

As well-known, one has wyq, = FaBactafbd WBed ‘draﬂaz'raﬁlu- and Ryqp = FuBuactufbd Rﬂal
and Syq = ragabSpp. Using (3.39) and definitions (3.10), (3.12) and (3.14), it is straight-
forward to check that (3.34), (3.35) and (3.36) hold. Relation (3.37) is obvious. O

3.3. Self-duality and the Einstein condition

Self-dual Einstein 4-folds form a broad class of Riemannian 4-folds, which has been
intensively studied [14]. Consider a Kulkarni 4-fold X equipped with the metric g of the
local form (3.8). g is locally conformally flat and thus trivially self-dual. The Einstein
condition, conversely, is non-trivial.

The metric g is Einstein if and only if, locally,

dé(g) — e(e(g)e” = 0. (3.40)
The local solution of this equation is

e =w+2Re(g) +ulg)®. withu,weR, veH. (3.41)

Proof. The Einstein condition states that S, — (s/4)e;, = 0. Using definitions (3.6) and
(3.14) and formulae (3.15) and (3.16), one gets readily (3.40). Explicitly, using (3.5) and
(3.7), (3.40) can be cast as

d(aqe“p) — quqL(qu_‘P) = 0. (342)
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Now, for any smooth H-valued function f, the condition d f — dgd,L f = O restricts f to
be of the form f(q) = a + gb with 2, b € H [7]. Hence. (3.42) entails that

dge Y = 3(v+qu). with u. veH. (3.43)
From (3.43), using that e™¥ is real-valued, one gets
de ™ = dg(@ +4g) + (v +qu)dqg. (3.44)

The integrability condition d’e ™% = 0 yields the equation dg A (1« — &) dg = 0, which, as
is easy to see, entails thatu —u = 0 or u € R. So.

de™¥ = d[2Re(vq) + ulq|’1, (3.45)

which, upon integration, yields (3.41). a
For U, NUg # ¥, we set
Kap = (ntgling D™ Tup, (3.46)

with T,g defined in (2.22) and n;tﬁ given by (2.23). Then K,z does not depend on the choice
of representative of Tyg € PGL(2, H) in GL(2, H). Further, X = {K,g} is a flat GL(2, H)
I-cochain satisfying relation (2.30) with T,g substituted by Kyg. For an Einstein metric of
the form (3.41), set

M:('f U). (3.47)
v w

Then one has the matching relation

Mp =K yMyKop. (3.48)

Proof. In the proof of relation (2.30), it was shown that |n:ﬁj|n;ﬂ| is a positive constant.
Using this fact, (2.30) and (2.31), it is immediate to see that K = {Kqg] is a flat GL(2, H)
1-cochain satisfying (2.30). Independence from choices of representative is evident from
the definition (3.46) and from (2.23). The above matching relation follows from (3.29),
upon writing

e = (G, 1) (Z ;) (‘{) (3.49)

and using (2.22), (1.11) and (2.23). o

This result is interesting. It reduces the problem of finding a locally conformally flat
Einstein metric to the problem of finding a flat positive definite section M = {My} of the
flat 1-cocycle SqK, where, for any A € GL(2, H), SAU = ATU A, for U a 2 x 2 matrix
on H.
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3.4. The conformal d’Alembertian W and the d’Alembertian

Let X be a Kulkarni 4-fold with the metric g of Eq. (3.8). The conformal d’ Alembertian
W of g is defined by

Wf=dxdf —¢sf*1 (3.50)

for f € 2°(X). So, Wf e 2*(X). W is simply related to the operator O is defined in
(2.39). Indeed, e f € 2°(X. p) and

W = 16e*01(e? f). (3.51)

Proof. Combining (2.38) and (3.29), one verifies easily that e? f € 2%X.p)if f €
2°(X). As is well-known, the operator W is conformally covariant. If gg and g = e go are
two conformally related metrics, then Wf = " Wy(e” f). If we take gq to be the flat metric
and g to be the metric (3.3), we get (3.51) readily. a

Eq. (3.51) entails immediately an isomorphism ker W = ker O of R linear spaces.

A well-known argument a la Bochner shows that, if X is compactands > O and s £ 0
on X, then dimker W = (. So, on a compact Kulkarni 4-fold X such that the associated
conformal class of locally conformally flat metrics contains a representative whose s has
the above properties, dim ker O = 0, i.e. there are no harmonic F € 2%x, p).

3.5. The Dirac operator [P and the Fueter operators IR L

Let X be a Kulkarni 4-fold with w = 1 equipped with the metric g of Eq. (3.8). We set
ot = 9]{ and 0~ = 6, . Owing to (3.28), as w = 1, the o* are smooth Sp(1) I-cocycles
depending on a choice of a flat Z; 1-cocycle a. We seta = o+t @o ™. So,any A € %X, o)
is of the form A = AT @ A~ with A+ € 29X, oF). We set

(i, h2) = Re(hF ) + Re(A7 A7) (3.52)
for A1, A2 € 2%X, o) and, for a vector field # on X,
A = (A€, u) ® (¥, u)r™) (3.53)

for A € .QO(X. o). Then 2°%(X, o) is a real Clifford module on (X, g) with Clifford inner
product and Clifford action given, respectively, by (3.52) and (3.53).

Proof. 1f 3% € 2Y(X,0%),onehas A} = )\;;9;,:1 and A, = 6,45, whenever defined. Fur-
ther, |0ai5| = 1, by (3.27). Taking these relations into account, one verifies that (A}, A2)y =
(A1, A2) 8. So, the Clifford inner product is well-defined. Using the same relations once more
and (3.31), one verifies also that (#A)} = (#A)5 64, and (#A); = 6,5(#2),. So, 4 maps
linearly 2°(X, %) into 2°(X, oF). Finally, one checks easily that (A, #A2) = (A1, A2)
and, by using (3.8), that #? = g(u, u)1. -
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For A € QO(X, o), we define
Di= (AT +AToNH) ®dr +w A7), (3.54)
Then D is a Clifford connection for the Clifford module £2°(X. o).

Proof. Using (3.34) and the matching relations of A* given above, it is straightforward
to check that (DA)$ = (D4)65, and (DA); = 6,,(DA)5. whenever defined. So, D
maps 2°(X, oT) into 2! (X, oF). D manifestly has the properties defining a connection
on £2°(X, o). From the identity Ve, + (wap. v)ey = 0, where V is the Levi-Civita
connection and v a vector field on X, and from (3.6) and (3.10), it is straightforward to
show that VeV — (o™, u)e¥ — ¢¥{w™, u) = 0. Using this latter identity, one checks by
simply applying definitions (3.53) and (3.54) that [D, #] = V4. This shows that D is a
Clifford connection. O

The Dirac operator ) associated with the Clifford connection D of the Clifford module
2V%X.0)is readily obtained:

D) = (4{(DX))~,e)) ® (4{e, (DI)T)). (3.55)

with & € £29(X, o). This is very simply related to the Fueter operators dg 1. defined in
(2.44). Indeed, e®/29)% € 2%(X, w*) and

P = (4e=0/03;1 (e53/2¢37)) @ (4(+e/D9)azre=C/20), (3.56)

Proof. Combining (2.43), (3.27), (3.29) and the matching relations of the AE s easily
seen that e3/29)+ ¢ .QO(X, @ ). From (3.1), (3.2) and (3.17), one has that w,, =
au,-(sg dyjo dx’ — 8,;8L 8,9 dx/. Using this relation, (3.5) and (2.2), it is easy to verify that
(DMT. &) = (W ogr+ 32T @dzr)e ™ and (8, (DA)”) = e #(dgLA~ + 335092 7). Using
these expressions in (3.55), one gets (3.56) immediately. O

It follows immediately from (3.56) that kerdp = ker Plgox.o+) and ker o =
ker P|gox o -), where the first (second) isomorphism is left (right) H-linear.

The Dirac operator ) satisfies the well-known Bochner—Lichnerowicz—Weitzenboek for-
mula 12)2 = -0p + %s, with Op the d’Alembertian of the Clifford connection D. By a
well-known argument a la Bochner, we see that, if X is compactand s > O and s # O on X,
then dim ker /) = 0. So, on a compact Kulkarni 4-fold X such that the associated conformal
class of locally conformally flat metrics contains a representative whose s has the above
properties, dim ker 5R,L = 0, i.e. there are no Fueter holomorphic @ € 2%X, w?1) and
v e2%X. o).

When X is compact, one can compute the index of 0, ind D, by using the Atiyah-Singer
index theorem. One has

ind ) = dimker P|gox ,+) — dimker Plgo x .-, = 0. (3.57)
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Proof. Using (3.53) and (3.54) and taking (3.24) into account, one finds that DA —
TRupbatprrh = O (do" — ot Aot = R @ ((do” + 0 Ao — RT)AT) = 0. The
Clifford connection D has thus no twisting. In this case, the Atiyah-Singer index theorem
gives ind ) = — 2 [, p1(X). Onaccount of (2.54). ind p = 0. 0

When X is compact, we conclude from (3.57) that
dim ker dr = dim ker ay.. (3.58)

The number of right Fueter holomorphic sections ® € 2°(X, w ™) equals the number of
left Fueter holomorphic sections ¥ € .QO( X.w™).

3.6. The isometry group of the metric g

Given a metric g on X of the form (3.8). we denote by UAut(X, g) the subgroup of
Aut(X) leaving g invariant.

3.7. Examples of special metrics

Below, we shall consider the Kulkarni 4-folds of Kleinian type '\ D, which were
described at the end of Section 2.
(1) D = HP'. HP! has the distinguished metric

__ 4Re(dg ® dgq)

$T 0T g (5-59)

g is nothing but the customary round metric of S*. As is well-known, g is Einstein
with s = 12. UAut(HP', g) is the subgroup of PGL(2, H) formed by those T such
that | 73112 + | 12112 = [Tl + |T12|> = k for some k € Ry and Ty Tj2 4+ T2 T2 = 0
and is thus a proper subgroup of Aut(HP').

(i) D = H'. H' has the distinguished metric

g = 4Re(dg ® dg) (3.60)

So, g is the flat euclidean metric of R*. UAut(H', g) is the subgroup of PGL(2, H)
formed by those T such that {T1)| = |T22| = 1 and Tp; = 0 and is thus a proper
subgroup of Aut(H!). This metric induces a special metric on each Kulkarni 4-folds
I'\H' since, as it is easy to show, every Kleinian group I" for H! is contained in
UAut(H', 2).

(iii) D = By(H"). By(H") has the distinguished metric

4Re(dg ® dg)
8= — 7T 3

(1 —lg1H)?
As appears, g is nothing but the Poincaré metric of By (R*). g is Einstein withs = —12.

One checks that UAut(B; (H'), g) is the subgroup of PGL(2, H) formed by those T
such that |71, 12— T2 |? = |T0a|? —|T12)* = kforsomek € Ry and Ty T1o— T2 Too =

(3.61)
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0, so that UAut(B;(H"), g) = Aut(B;(H")). Therefore, this metric induces a special
metric on each Kulkarni 4-folds "\ By (H") for every Kleinian group I” for By (H').
(iv) D =H' — {0}. H' — {0} has the special metric
Re(dg ® dg)
=" 27
lg1
One can show that UAut(H! — {0}, g) = Aut(H' — {0}) [9]. Therefore, this metric
induces a special metric on each Kulkarni 4-folds I"\(H! — {0}) for every Kleinian
group I" for H' — {0}.
(v) D=H'—R'".H' —R' has the special metric
_ Re(dg ® dg)
~ |Img]?

(3.62)

(3.63)

It is possible to show that UAut(H' — R!)) = Aut(H' — R") [9]. Therefore, this metric
induces a special metric on each Kulkarni 4-folds I"'\(H' — R!) for every Kleinian
group I for H' — R!.

4. Classical four-dimensional conformal field theory and Kulkarni geometry

In this section, we consider first some general properties of a classical conformal field
theory on a Kulkarni 4-fold X. Later, we illustrate two basic models, the complex scalar
and the Dirac fermion (see [15] for background).

Below, we shall assume that X is compact. In this way, integrals are convergent and, as
X has no boundary (see Section 2), integration by parts can be carried out without picking
boundary contributions.

4.1. The classical action

The classical action of a conformal field theory on a 4-fold X is some local functional
Z(®, e”) of a set of conformal fields @ and a dual vierbein e). By conformal invariance,
for any smooth function f on X, one has

Ze 4, efe¥)y = T(D, "), (4.1

where A is the matrix of the conformal weights of the fields @.
Consider now a conformally flat background e, of the form (3.2). Because of conformal
invariance, one has that

(P, e”) = 1(), (4.2)
where
¢ = (4.3)

is a conformally invariant field. The functional /(¢) depends only on ¢ and the underlying
conformal structure.
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As ¢ is defined only locally and the local representations match as in (3.29), the matching
relations of the local representations of ¢ are different from those of the local representations

of @. On a Kulkarni 4-fold X. ¢ is a section of some vector bundle constructed from the

nt such as p and w=.

4.2. The energy—momentum tensor

In a classical field theory on a 4-fold X, the energy—momentum tensor is the 1-form
T,(®, ¢¥),a =0, 1, 2, 3, valued in the orthonormal frame bundie, defined by the variational
identity 8.v7 = —(1/2712)fx(7;, de,) * 1, where §,v @ = ~%A51n e® with ¢ = dete”
[15]. If the field theory is conformal, the energy—momentum tensor is traceless and thus
satisfies

eI, =0. (4.4)

The invariance of the classical action 7 under the action of the group of the automorphisms
of the orthonormal frame bundle implies that, for classical field configurations solving the
classical field equations, the energy—momentum tensor is symmetric and conserved [15].
The symmetry is encoded in the relation

T, nel =0. 4.5)
The conservation equation can be cast as
dx T, + wup A xTp = 0. (4.6)
For a classical conformal field theory, one has
T, e /4 efeVy = e T (@, ") (4.7)

for any smooth function f. This is an immediate consequence of the conformal invariance
of the action (Eq. (4.1)) and of the definition of 7. Consequently, in a locally conformally
flat metric background e, of the form (3.2), one has that

TP, e) =846 T (), (4.8)

where the T;(¢), i = 0,1,2,3, are |-forms depending only on ¢ and the underlying
conformal structure. They can be assembled into the quaternionic field

T = 3Ty — T, ). (4.9)
Then it is simple to verify that the tracelessness relation (4.4) takes the form

Re(T1(d5)) = 0. (4.10)
For classical field configurations, the symmetry relation (4.5) reads as

Re(dg A T) = 0. (4.11)
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while, more importantly, the conservation equation (4.6) becomes simply
dxT =0. 4.12)

This equation no longer contains any explicit dependence on the scale ¢ of the metric
background. Its validity depends crucially on the tracelessness and symmetry relations
(4.10) and (4.11).

Proof. Relations (4.10) and (4.11) are trivial consequences of (4.4) and (4.5) following from
{4.9),(3.1).(3.2),(3.5) and (3.7). Relation (4.12) follows from substituting (3.9), (3.17) and
(4.8) into (4.6) upon using (3.1) and (3.2), and (4.4) and (4.5). O

On a Kulkarni 4-fold X, T € 2'(X. ¢3). where ¢3 is given by (2.34).

Proof. By (4.8) and (4.9), one has

Ty = %63% (Zao — Tae o). (4.13)
Now, on U, N Upg # ¥, one has

Taa = rapabTpb. (4.14)

where ryg is the same SO(4)-valued function as that appearing in (3.38). Combining (3.27),
(3.29), (3.39) and (4.14) and recalling (2.34), one checks easily that the matching relation
of the T, is the required one. a

In general, for an object of the same tensor type as T, the conservation equation (4.12)
would not be covariant. In the present case, it is thanks to the tracelessness and symmetry
properties (4.10) and (4.11).

4.3. The U(l) current

In a classical field theory with a U(1) symmetry, the U(1) current is the 1-form 7 (&, ")
defined by the variational condition 8¢ Z|s¢—i fo = — (1/27{2) fx J Axdf forany function
f [15]. For classical field configurations solving the classical field equations, 7 satisfies
the conservation equation

dx 7 =0. (4.15)
For a classical conformal field theory, one has
T 2o, eleV)y=e 2 J(@,e) (4.16)

for any smooth function f. This is an immediate consequence of the conformal invariance
of the action (Eq. (4.1)) and of the definition of 7. In the locally conformally flat metric
background e: of Eq. (3.2), one has then

T(@, V) =e 2 J(¢), 4.17)
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where J(¢) is a 1-form depending only on ¢ and the underlying conformal structure. The
conservation equation (4.15) takes then the form

d«J =0. (4.18)
Proof. This follows readily from (4.15) upon combining (3.9) and (4.17). |

This equation no longer contains any explicit dependence on the scale ¢ of the metric
background.
If X is a Kulkarni 4-fold, J € 22'(X. p?), where p is defined in (2.38).

Proof. Immediate from (3.29) and (4.17). ]

Then, by (2.29), »J € §23(X). The conservation equation (4.18) is thus manifestly
covariant.

4.4. The biquaternion algebra

The models examined below involve the complexification of the quaternion field H, the
complex biquaternion algebra H ® C. In this brief algebraic interlude, we recall a few basic
facts about H ® C and introduce basic notation.

Here and below, to avoid possible confusion with the corresponding quaternionic oper-
ations, we denote complex conjugation by . and complex real (imaginary) part by Re,
(Img).

A generic element z € H® C can be represented as a real linear combination of elements
of the forma®¢, wherea € Hand ¢ € C. Asacomplex algebra, H®C carrles a con]ugatlon
" defined by ¢ ® £ = @ ® £ and an antilinear involution ~ defined by a ® (=a®i.”

H can be canonically identified with the subalgebra of H ® C fixed by ~. The action of the
conjugation ~ on this subalgebra coincides with the quaternionic conjugation ~ as defined
earlier.

There is a canonical algebra isomorphism ¢ : C(2) - H® C, where C(2) is the complex
algebra of 2 x 2 complex matrices. Denoting by 77, f = 1,2, 3, —i times the standard Pauli
matrices, c is uniquely defined by c(12) = 1® L and ¢(77) = j; ® 1. The isomorphism ¢ has
the properties that det M = &(M)c(M) and that ¢(M{) = &M and ¢(C™'M.C) = &(M)
for any M € C(2), where

0 1
=(V)
is the conjugation matrix.

5 A conjugation (antilinear involution) K on a complex algebra A is an antilinear map K : A — A such
that K2 = 14 and that, fora, b € A, K(ab) = K(b)K (a) (K (ab) = K(a)K (b)).
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4.5. The complex scalar

Consider a complex scalar field ¢ with action

1

I(D, De.e¥) = —
( Ce) 27[2

/ d*xg!?(g" 8@ ® + LsD.D], (4.19)
]

where g is the metric corresponding to ¢ and s is the Ricci scalar. The field @ has con-
formal weight A = 1. It is well-known that the above action is conformally invariant
{15].

The conformally invariant field ¢ corresponding to @ is thus given by

¢=c?P. (4.20)

Then ¢ € 2°(X, p) ® C, where p is defined in (2.38).
Proof. Follows from (3.29). |

In terms of ¢, the action functional is simply

_ 8 _
1(¢.,¢c)=—;f¢cﬂ¢, 4.21)
X

where O is defined in (2.39). The integrand belongs to 24(X), as Qe e .QO(X, rHedc,
and integration is thus well-defined.

Proof. This follows from substituting (3.20) and (3.22), upon using (3.1), and (4.20) into
(4.19), by a straightforward calculation. 0

The classical field equations of @ are [15]
VIV,® — L5 =0. (4.22)
In terms of the field ¢, they read simply as
O¢ = 0. (4.23)

Le. ¢ is harmonic. See the discussion of Section 3 concerning the solutions of this
equation.
The energy-momentum tensor of the complex scalar @ is given by [15]

T (P, Be, ) =Rec(3[Pees V; Vi@ — { BV Vi Dey |
—HedVidVi® —~ S VEB Ve ]

— 3[Sai — y5€y 1P @) dx'. (4.24)
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One can verify that (4.8) holds. The conformally invariant energy—momentum tensor 7' is
given by

T(p. o) = —3{3pc dp — S dd,p + 3,0 dde — $¢ dd, e
— (95Pedg® — 1Pc0gdgd + D50, P — 30950, dG).  (4.25)

We have checked that 7" satisfies (4.10) and that (4.11) and (4.12) hold, when ¢ fulfills the
field equations (4.23). For a field configuration ¢ satisfying (4.23), the second and fourth
term proportional to dg in (4.25) are zero.

The model considered has an obvious U(1) symmetry. The corresponding U(1) current
is

T(@, P, e¥) =2Imc (P P.) d'. (4.26)

It is easy to see that (4.17) is fulfilled with

_ 1 _ _
J (@, ¢) = T(¢ dée — ¢ dg). (4.27)

One verifies readily that J satisfies (4.18), when ¢ satisfies the field equations (4.23).
4.6. The Dirac fermion

Suppose that w = 1, sothat X is spin, and let us fix the spin structure. Consider a euclidean
Dirac fermion field ¥. ¢ € M1R2%(X, £+ @ ¥ 7), where £* are the positive/negative
chirality spinor bundles and the notation [TV indicates the Grassmann odd partner of a
vector space V.

The Dirac action is

1
W, ol )= —

3 d*x eiW] el DV, (4.28)

= —

where D is the spin covariant derivative, D; ¥ = (9; + A]—‘wa;,j YaVp)W,the y,,a =0.1,2, 3,
being the euclidean gamma matrices satisfying y,y» + ¥o¥a = 2845 and yalL = ¥,4. The
field ¥ has conformal weight A = 3/2. As is well-known, the above action is conformally
invariant { 15]. We shall write the action in a way such that its connection with the underlying
Kulkarni geometry becomes manifest.

Fix vg € €2, vg # 0. We define a linear map Q : C* — H® C by

O(w) = c(lwol v ®u)). velC (4.29)

where ¢ has been defined earlier.
The Dirac fermion field ¥ can be thought of as a pair of Weyl fermion fields (¥, ¥ ™)
with W+ € TR%(X. ZF). We set

yt =YWy, Yo =¥ ow). (4.30)

Then wi e M(2%X, w*) ® C), where the wT are defined in (2.43).
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Proof. SU(2) corresponds precisely via ¢ to the group Sp(1) of unit length quaternions in
H. Further, as detU = 1 and U = C”lﬁcC = UC_Vr for U € SU(2), one has c(I/) =
&U) = &(U)~ ! whenever U € SU(2). Now, comparing the basic relation

FaB0a 1> + FaBeale = Lj};((s()a I + 81)(179)(2(;’3)_1 . 4.31)

satisfied by X aiﬁ and the relation

YaB0a 12 + FapeaTe = C (9 ﬁ)(a()a 12 + deqTe)C - ((9&?})7] ) (4.32)

following from (3.39), and recalling that 6‘1(9 ﬂ) € SU(2) as 8_5 is Sp(1) valued, one

concludes that
(T =035, (4.33)

provided the spin structure entering into the dehnmon of Hi is suitably chosen. Now, from

(4.29), one has that Q(Uv) = c(U)Q(v) and Q(UU) Q(v)C(U) Ufor U € SU(2) and
v € TTC?. Hence,

oW, = O LW = 0WhHe(S,,) = 0oy,

(4.34)
QW) = Q(E¥;) = () Q¥ ) = 6, 0(¥y),
From here, it is easy to show the statement combining (4.30), (3.29) and (3.27). ]
In terms of wi, the action functional can be written as ©
AN ARANTA
22 43 7 o
= |ug| ane [V TOR Axdg ¥ YT OR Axdg ]
X
_ Zi T+ a -t a7
= ol 5Re [[FF+ dg A By~ — "+ dg A BT (4.35)

Proof. Using (3.17) and the formulae
. 0 1y . ( 0
= ’ e = T s 4.
" l(—lz 0) TN 0) (330
one can cast the action integral (4.28) as

20T, ) e¥) = +4Re, /[(e“/z)wwﬁ)(aolz +0it)ReY DU w1
X

= —4Re, /[e“/z)wﬁ(aolz +oTOLEY U 1. (4.37)

% The relative minus sign is due to the anticommuting nature of the fields ¥*.
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One can show that Rec(vgctJl) = |v0|2 Re(Q(vg)Q(vl) - Q(vg)Q(vl)) for vy, € ne?
and that Q(Uv) = ¢(U)Q(v) and Q(Uv) = <'(U‘)Q(v) for U € SU(2) and v € [TC7.
From here, using relations (2.2), (2.8), (2.9) and (2.44) and definition (4.30), one gets the
above result. 0
The classical field equations of ¥ are [15]

Va4 DiW = 0. (4.38)
In terms of ¥, they read simply as

YR =0. Ly~ =0. (4.39)

Hence, ¥t (¥ ™) is right (left) Fueter holomorphic. See the discussion of Section 3 con-
cerning the solutions of these equations.
The energy-momentum tensor of the Dirac fermion ¥ is [15]

| -
T,(W, lI/CT, ¢¥) =Re, {z—illfc' [yhezjeﬁDk + vaDj

I : 1 _
- Ee(\{j)’beéDk + 5va: vele Vhel Dk] llf} dx/. (4.40)

Itis straightforward though a bit lengthy to check that (4.8) holds. The conformally invariant
energy-momentum tensor T can be computed. One finds

Tty vt Y)

= HvolP{—V dyy + Y- dvry + dy vy — dy vy
+ G- — VR + (Wovrs — V- P1)3r 4G
+ 3@ ¥ — L U+ Y dgr — Y- R) 4G
+ gldé(l/_/w/:f_aqR — U Vo Ogr + gLV Vs — D))

= flvol (¥ dys + Y- d¥y + dY Yy — dy i
— QL (Ve — Vb )G — dGogL(— e — Tr)
~ L@V — QLU U+ Y- Yadgr — Y-V dgR) dF
~ 324G VR — VoV Ogr + DLV — B P} (44D

We have checked that T fulfills (4.10) and that (4.11) and (4.12) hold, when the 1//jE fulfill the
field equations (4.39). For a field configuration & satisfying (4.39), the terms proportional
to dg vanish identically, simplifying the above expressions.

The Dirac action has an obvious U (1) symmetry. The corresponding U (1) current is

T, lI/:, e¥) = l,’/;yae;?lll dx/. (4.42)
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It is easy to see that (4.17) is fulfilled with

Tt Y Ut ) = vl Re(ivry dg ¥ + iy dg ). (4.43)
J satisfies (4.18), when the 1,//i satisfies the field equations (4.39).

5. Quantum four-dimensional conformal field theory and Kulkarni geometry

In this section, we consider first some general properties of a conformal quantum field
theory on a Kulkarni 4-fold X concentrating on the quantum energy—momentum tensor. We
then analyze the properties of the operator product expansions for the simple free models
studied in the previous section.

Below, we shall assume that X is compact.

In a quantum four-dimensional conformal field theory, the local classical action Z(P. ™)
is affected by quantum corrections. The resulting effective action Z.(®, ¢") is a non-local
functional of @ and ¢, . In general, Z¢(®, e") is no longer conformally invariant but, con-
versely, suffers an additive conformal anomaly. We assume that, for any smooth function f,

Te(e /M. el e") = T(f. e¥) + Te(d. ). (5.1)

where T (1. e") is the Riegert action, which is local and independent from & [16,17].
5.1. The quantum energy—momentum tensor

One can define the energy-momentum tensors Ze, (P, ¢”) and Tr, ( f, €") for the actions
T, and IR in the same way as done in the classical case: §,vZ, = —(1/2712) fx (Teu, bey) *
1 and 8,vIp = —(1/2712)fx(7§,,,86a) x 1, where é,v f = —%Slne. Because of the
conformal anomaly, 7¢, and 7g, do not satisfy a condition of tracelessness analogous to
(4.4). However, since invariance under the automorphism group of the orthonormal frame
bundle is not anomalous, g, still satisfies (4.5) and (4.6) in the vacuum, i.e. at vanishing
field configurations. So, 7, |¢ =0 iS symmetric,

Tea A eg lo=o = 0. (5.2)
and satisfies the Ward identity

(d % Teq + @ab A ¥Tep)|o=0 = 0. (5.3)
Trq 1s also symmetric

Tra M€, =0, (5.4)
while its Ward identity reads

d x Trg 4 wap A *Trp + (5 dCr — Cr A f) A xe) = 0. (5.5)

where the functional Cr (f, ¢”) is defined by 8 Tg = +(1/272) fx Créf * 1. The origin of
the extra terms in the Ward identity (5.5) is easily understood. If Zr were the classical action
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of some automorphism invariant field theory, they would be absent for a field f satistying
the classical field equation Cg = 0 and (5.5) would be analogous to (4.6).

There is another piece of information that is relevant and does not follow directly (rom
(5.1). One has

Cr(0.¢") =0 onany open set of X, where R,;, = 0. (5.6)

This identity can be justified by noting that, on dimensional grounds, Cg (0, ¢") is the sum
of two contributions. The first is quadratic in the components of the Riemann 2-form R,
and the derived forms. The second is proportional to d * ds, where s is the Ricci scalar.
Both contributions vanish in the regions, where the background e(f is flat.

Because of the anomalous breaking of conformal invariance in the quantum theory, 7,
does not satisfy a relation of the form (4.7) in the locally conformally flat background of
Eq. (3.2) and therefore it does not have a structure like that exhibited in (4.8). However, it
is still possible to extract from T, a part T¢;(¢) depending only on ¢ and the conformal
geometry of the base manifold X. Indeed,

Tea (D, €¥) = e ¥[8, Toi () + Lra(g. e ")), (5.7)
where
Lra = Tra + §Crey . (5.8)

Since the action Zg is local, 7r, and Cr are local expression in the fields f and ¢ involving
no integration on X. They are, therefore, defined also when f and e, are replaced by the
local scale ¢ and the local dual vierbein e~%¢). The covariance of the composite fields
obtained in this way is, however, quite different from the original one, as will be shown in
a moment. Now, one can verify that T, (¢) is conformally invariant, as suggested by the
notation. Following (4.9), one sets

T. = 3(Teo — Ter jr). (5.9)
Then one can verify that T is traceless:

Re(Tet(97)) = 0. (5.10)
Further, in the vacuum, i.e. when ¢ = 0, T; is symmetric and conserved, so that

Re(dg A Te)lgp=0 =0 (5.11)
and

dx Telp=0 = 0. (5.12)

Proof. We give only a sketch of the proof. By varying (5.1) with respect to f and e/, one
obtains
MM (Teale /@, el eY), e4) — Cr(f.e”) =0, (5.13)
eV Toa(e /@ el e") — Tea(®.e”) — Tra(fi€”) = §CR(f.e¥)e) = 0. (5.14)
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From (5.1), it follows that the action Zg satisfies the so-called 1-cocycle relation
Ir(fi + fr.e”) = Tr(fi,ele") = Tr(f2. ") =0 (5.15)

for any two smooth functions fi, f2. By varying this identity with respect to fi, f> and e,
one obtains

Cr(fi + fr.€¥) — e*2Cr(f1. e26¥) = 0. (5.16)
2 (Tra(f1.e2e"). e0) + Cr(f2. €") = 0, (5.17)
Tra(f1 + fr.e¥) — 2T, (f1.e2e)

~Tra(f2.¢") = {CR(f2,€)ey = 0. (5.18)

Define £, (¢, ¢, e¥) = ¥ Toa(e 9. e¥) — Lra(p. e %¢Y). Using (5.14) with @ substi-
tuted by e ¥ ¢ and (5.16) and (5.18) with fi, f> and e substituted by f, ¢ and e ¥e,
respectively, one verifies that £,(¢, ¢ + f.e/eY) = E,(¢. ¢, "), showing the conformal
invariance of £,(¢, ¢, e*). Thus,

Tei(9) = 8iale® Tey(e ¥ ¢, €) = Lru(p. e7™¥eY)] (5.19)

depends only on ¢ and the background conformal geometry. Using (5.13) with @, f and e/
replaced by ¢, ¢ and e™%¢ and (5.17) with f}, f> and e substituted by ¢, 0 and e “e,
respectively, one verifies that 8;,¢(e¥e,)Tei (¢) = Cr(0.e %¢Y). Cr(0,e %) = 0, by
(5.6), because, by (3.2), the local background e ~?¢, is flat. So, 8;4t(e¥e,) Tei (¢) = 0. This
relation yields (5.10) immediately upon using (5.9) and recalling (3.1) and (3.5). Finally,
from (5.2) and (5.4), we obtain the symmetry relation §;,T¢; (0) A e_“’e: = 0. From here,
(5.11) follows upon using (5.9) and recalling (3.2) and (3.7). Next, by using the symmetry
relation (5.2) and the Ward identity (5.3) and exploiting relations (3.9) and (3.17), one has

dx [€¥ T (0. V)] = ¢¥[dg A %Teu (0, ¢”) + d % Teu (0. 7))
=e¥(Tep(0. 7). ep) dp A xe) . (5.20)

From the Ward identity (5.5) with f and e, replaced by ¢ and e™%¢,/, one deduces further
that

dx Lra(p, e ¥e’) = Crip. e ¥e")dp A xc" %, . (5.21)

In deriving this relation, one uses that d * (e~ ¥¢.) = 0, by (3.2). Now, by (5.19), d=T; (0)
is given by the difference of the left-hand sides of Eqgs. (5.20) and (5.21), which vanishes
by (5.13) with @, f and e, replaced by 0, ¢ and e_“’e‘f and by (3.2) and (3.9). Hence,
d » T; (0) = 0. From here, using (5.9), (5.12) follows. ]

The above treatment is essentiaily a reformulation of the classic results of Ref. [18]
highlighting the connection with Kulkarni geometry.

As noticed earlier, T, does not transform as its classical counterpart under coordinate
changes. In fact, on Uy, N Upg # ¥, one has

Tew = $3ap(Tep + 0ap). (5.22)
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where 3 18 defined in (2.34) and

0up = S[Lrpo(dxg. ln(lfljﬁl/lfl(;ﬁl)) — Lrpe(dxy. ln("];ﬁl/lr’;ﬁi)).j(’l- (5.23)
Proof. Settyg = ln(|r):ﬁ|/|r;;ﬁ|). Then

TRoa (@ar € 7)) = % [Traa (0. €)= TRaa (—@u. €)

- %CR(—%. ey, |

=M [ Trpp (0. €)) — Trpp(—@p + lop. €
— 1CR(—¢p + tup. €} )eg,]

=Yl e T Trpp (@p e e + Trpp(—gp. €5)
+ 1Cr(—gp. e, — Trpn(—@p + lup. €))
— 1CR(—@p + lup. €} )eg]

=7 rapan TRpn (9p. € P ey) — Trpp(tap. € ey)
— $CR(tap. e eyl e, . (5.24)

where ryg is the same SO(4)-valued function as that appearing in (3.38). Here, the first

identity is proven by applying (5.18) with f|, f2 and e substituted by ¢y, —@y and e;,,,
respectively. The second identity follows from (3.29), (3.38) and the relation

TRaa = raﬂabTRﬂb (5.25)

analogous to (4.14). The third identity is proven by applying (5.18) with fi, f> and e
substituted by ¢g, —¢g and e;a, respectively. The fourth and final identity is shown by
applying (5.17) and (5.18) with f, f> and e, substituted by 1,4, —¢g and ‘)Eu’ respectively.
Next, one has

v

od

CR( ¢ e ye ey =X (r(0,e))e
- 63‘/7ﬁ—3’afi r(xﬁahCR (0~ e;)e;{/h
=g op TapabCR (@8, ef‘”f‘e;)e“”‘ e;b. (5.26)
The first identity is obtained by applying (5.18) with fi, f> and e, substituted by ¢,.
—@, and e, respectively. The second identity follows from (3.29) and (3.38). The third

ag’
identity is proven by applying (5.17) with f1, f2 and e, substituted by g, —¢s and eg,,
respectively. Combining (3.27), (3.29), (3.39), (5.24) and (5.26) with (5.8) and (5.19) and
recalling (2.34), one checks easily that the matching relation of the T, is given by (5.22)

and (5.23). a

The compatibility of (5.22) and (5.10)—(5.12) entails the following relations:
Re(oapt(93p)) = 0, (5.27)

Re(dgg A 0ap) = 0. (5.28)
d*g gapg = 0. (5.29)
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Proof. The verification of (5.27) and (5.28) is completely straightforward. To show (5.29).
one has take into account the fact that, if local quaternionic 1-forms v, safisfy Re(vyt(954)) =
0 and Re(dg, A vy) = 0, then the equation d %, vy = 0 is covariant under the matching
relation vy = (308V4. 0

From (5.23), it appears that gog depends only on the underlying conformal geometry. So.
the matching relation (5.22) is completely analogous to that of the conformally invariant
energy—momentum tensor in two-dimensional conformal field theory and g4 is a four-
dimensional generalization of the Schwarzian derivative.

The form of the conformal anomaly [19,20] is determined up to a term of the form 8K (¢ ).
where § denotes variation with respect to the scale of ¢/ and K(e") is a local functional of
¢, . The form of the anomaly can be rendered simpler by means of a convenient choice of
K. A further simplification is yielded by the local conformal flatness of the background e/
of Eq. (3.2). which makes the contribution containing the square of the Weyl tensor vanish

identically. In this way the conformal anomaly can be cast as
5T, i / 32m% — 2dx ds | (5e” . e,) (5.30)
= —— 3277 — =d* ds | (Se, . e4).
¢ 12872 3 “
X

where ¢ is the Euler density, defined above (3.25), and s is the Ricci scalar. « is a real
coefficient called central charge. In fact, the expression of the anomaly is simpler than it
looks at first glance. A detailed calculation, exploiting the local conformal flatness of e,
shows that it can be written in the form

32
8T, = f O Opdg. (5.31)
T

X
where O = %d *d is the d’ Alembert operator. In this form, the similarity with the standard
two-dimensional case is apparent. As a byproduct, we learn also that O « Qg belongs to
2*(X), an interesting geometric result.
The Riegert action corresponding to the anomaly (5.19) is given by [16,17]
Tr(f.e") f[d x df Axdx df — 2sdf Axdf
X

. K
T 1672
+2e4(f)Sg Axdf + (1672 — 1d % ds) f1. (5.32)

In the locally conformally flat background e, of Eq. (3.2), Zg can be written as

32k 1
Te(f.0) = 25 [14/0407 +0x g7} (5.33)
X

When written in this form, the resemblance of the four-dimensional Riegert action and the
well-known two-dimensional Liouville action is striking. The calculation shows also that
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O O is a globally defined differential operator of order 4 mapping £2°(X) into £2*4(X).’
It is now straightforward though quite tedious to compute 7. Set
P(fy=4dfo, »0f +43, fdxTf — % do, » (df Axdf)
+ L dx’ x (ddyi f Axdil, f) —8dd, f*Df — 3dd, »Of
+ dG8GOf) — LxOw(df Axdf)+ L DxOf]. (5.34)
Then T.(¢) is given by
Te(@) = ¥ Te(e™""9.¢") — k P(p). (5.35)

where 7. = %('Eo — Tee jo). The four-dimensional Schwarzian derivative gqg defined in
(5.23) 1s given explicitly by

Qup = K Ps(In(Inggl/Ings))- (5.36)

5.2. The operator product expansions

We shall now analyze the structure of the operator product expansions for the simple free
models studied in Section 4.

Consider the complex boson @ described by the action (4.19). The quantum theory is
best formulated in terms of the conformally invariant field ¢ governed by the action (4.21).
Inside normalized conformally invariant quantum corelators, the classical field equations
(4.23) hold up to contact terms

O¢ =0 up to contact terms. (5.37)

Hence, the corelators are harmonic in the insertion points of the field ¢ and its complex
conjugate, provided such points remains distinct. Since a real harmonic function can be
expressed as the real part of a Fueter holomorphic function [7], Fueter analyticity is relevant
in this model. From the form of the action (4.21), it follows in particular that

8 _
— (@) de(q)) = 84 g2 — q1) * 12,

g (5.38)
“;DZ¢(Q2)J’C(QI) =g —q)* 1.
This relation can be easily integrated on a given coordinate patch, yielding
B (g2)¢c(q1) = 5 + regular harmonic terms. (5.39)

lg2 — q11*

Proof. Fromdistribution theory, one can show easily that 3;3, ¢ —qo| 2= —(n¥/As* g —
go) in D' (H). Further, itis known [7] that there is no singular harmonic function less singular
than |g — go| 2. O

7 This operator, as many others, could have been included in the list of the natural differential operators of
a Kulkarni 4-fold studied in Section 2. To keep the size of this paper reasonable, we decided to limit our
discussion to O and g 1.
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Consider the Dirac fermion ¥ described by the action (4.28). It is more convenient to
formulate the quantum theory in terms of the conformally invariant fields ¥+ governed by
the action (4.35). (We assume |vg| = 1 here for the sake of simplicity). Inside normalized
conformally invariant quantum corelators, the classical field equations (4.39) hold up to
contact terms

Yy or =0, 0¥ =0 up tocontact terms. (5.40)

Hence, the quantum corelators are right (left) Fueter holomorphic in the insertion points of
the field ¢+ (¢ ™), provided such points do not coincide. This statement must carry a warn-
ing. Since the fields y* and the Fueter operators g | are valued in the non-commutative
quaternion field, the statement holds provided R (L) acts on ¥t (™) within the corela-
tors. The above shows the relevance of Fueter analyticity in the present fermionic model.
From the form of the action (4.35), it follows in particular that

LN S 4 -
V¥ (@)Y 7 (q1)or1 =8 (g2 — q1)dqa,
72
(541)

2. y )
;T—Qdullf (g)¥ " (q1) =8 (q2 — q1) dq.

This relation can be integrated on any given coordinate patch, producing

¥ (g (q) = "j -

l———-—({ll—4 + terms right (left) Fueter holomorphic in ¢; (g2).
9 —q1

(5.42)

Proof. From distribution theory, one knows that [(§ — go)lg — qoj*“]a,;R = 9;Ll(g —
go)lg — qol™* = (72/2)8*(q — go) in D' (H). Further, it is known [7] that there is no
singular left/right Fueter analytic function that is less singular than (7 — go)|g — go|™*. O

The above analysis shows that Fueter analyticity provides useful information on the
structure of the operator product expansions of free fields. It remains to be seen if this will
be of any help in computations.

6. Conclusions and outlook

In the first part of this paper, we have tried to formulate the theory of Kulkarni 4-folds
in a way that parallels as much as possible the customary formulation of the theory of
Riemann surfaces, highlighting in this way their analogies. This has been possible thanks
to the existence of an integrable quaternionic structure and of an associated natural notion
of analyticity, Fueter analyticity. We have also seen that a Kulkarni 4-folds is equipped with
a canonical conformal equivalence class of locally conformally flat metrics and that the
Riemannian geometry of such metrics is particularly simple.

In the second part of the paper, we have argued that Kulkarni geometry is the natural
geometry of four-dimensional conformal field theory by showing that the action functional,
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the field equations, the energy—momentum tensor and its Ward identity and the operator
product expansions take a simple form for a conformal field theory on a Kulkarni 4-fold.
We have not analyzed yet the implications of the geometric setting on the operator product
expansion of the energy-momentum tensor. This matter is left for future work [21]. We
believe in fact that the customary energy—momentum tensor, describing the response of
the system to an arbitrary variation of an arbitrary background metric, might not be the
relevant geometric field. One should consider instead a modified energy—momentum.tensor
representing the response of the system to an arbitrary variation of an arbitrary locally
conformally flat background metric preserving local conformal flatness. This would be the
true analog of the energy—-momentum tensor of two-dimensional conformal field theory, as
for a 4-fold admitting locally conformally flat metrics, unlike for a 2-fold, not all metrics
are automatically locally conformally flat. One may speculate that the improved energy—
momentum tensor just described might obey operator product expansion of universal form
as in 2 dimensions. This remains to be seen. In any case, to carry out the above project
requires the elaboration of the Kulkarni analog of the Beltrami parametrization of conformal
structures, a major mathematical task in itself with ramifications also in geometry.
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